Abstract: We propose a model describing the evolution of the free electron current density in graphene. Based on the concept of Mp-branes, we perform the analysis using the difference between curvatures of parallel and antiparallel spins. In such a framework an effective graviton emerges in the form of gauge field exchange between electrons. In a plain graphene system, the curvatures produced by both kinds of spins neutralize each other. However, in the presence of defects, the inequality between curvatures leads to the emergence of current density, modified gravity and conductivity. Depending on the type of the defects, the resulting current density can be negative or positive.
Introduction
During the last years, graphene has been in the focus of frontier research, since its mass energy excitation for fermions is low, as it emerges from the symmetries of the honeycomb lattice [1] [2] [3] [4] [5] [6] [7] 9] . This research has led to many important results. Amongst others, firstly, the surface free energy and the elastic constants (i.e. the Lame parameters such as Poisson ratio and Youngs modulus,) of graphene flakes, have been obtained on the level of the density functional theory. In particular, it has been shown that the Lame parameters in small graphene flakes may differ from the bulk values by thirty percent, for hydrogenated zig-zag edges which originate from the edge of the flake that compresses the interior [1] . Secondly, other investigations show that graphene with (effective) vacancy disorder is a physical representative of dirty d-wave superconductors [2] . Thirdly, the density of states (DoS) of this system has been obtained numerically and within the self-consistent T-matrix approximation (SCTMA) in the presence of vacancies [3] [4] [5] . Fourthly, other works have considered quantum size effects in armchair graphene nanoribbons (AGNRs) with hydrogen termination via density functional theory (DFT) in Kohn-Sham formulation, and they have obtained the electronic structure of this system and predicted a threefold periodicity of the excitation gap with ribbon width [6] . Furthermore, in another scenario the local current density in pristine armchair graphene nanoribbons with varying width has been calculated and it was found that the response of the current to functionalizing adsorbates is very sensitive to their placement: adsorbates located within the current filaments lead to strong backscattering, while adsorbates placed in other regions have almost no impact at all [7] . Moreover, in [8] it was shown that geometry has crucial effects on the electronic properties of the graphene. Also, the spin-dependent zero-bias conductance, in armchair graphene nanoribbons with hydrogen adsorbates, has been derived and the spin-orbit interaction has been considered. It has been observed that the spin-flip conductance can reach the same order of magnitude as the spin-conserving one, due to exchange-mediated spin scattering [9] . Additionally, in [10] the authors studied the electrically charged black holes in Palatini formalism of f (R) gravity, and they have argued that a form f (R) = R±αR 2 /R P (with R P the Planck curvature) could induce different geometrical structures in terms of inner black holes horizons. In a different scenario it was shown that Palatini f (R) gravity may lead to a geometry in which point-like space-time singularity in four dimensional classical models is replaced by a finite size wormhole structure, and this non-singular spacetime appears despite the existence of curvature divergences at the wormhole throat [11] . Finally, in [12] the authors explained that microscopic wormholes which are created in modified gravity theories like f (R) gravity have a role analogous to that of defects in crystals, which indicates the possible connection of solid-state and modified-gravity effects.
According to some considerations, massless two-dimensional Dirac fermions in a graphene behave in a way that can be described in terms of both quantum field theory and condensed matter physics. The formulated connection considers the role of gauge fields [13] , and motivated by this research we propose the model of the electronic transport in graphene in which Mp-branes [14] [15] [16] [17] [18] [19] , known from cosmology, appear. In the related superstring theory, initially there were only open scalar strings, which were later attached to zero dimensional objects, called M0-branes. This attachment is similar to the attachment of strings to a point-like one zero dimensional page. In fact, in string theory, each open string is attached from each end to one point or zero dimensional page which called M0. Moreover, at the beginning the shapes of all strings in respect to each other and to M0-branes are the same, they have no spin, and hence we cannot observe any difference between them. That is why we only have scalar strings at this stage. However, through interactions between strings and M0-branes, the shapes of strings in respect to each other are changed and they become different. Some of them gain properties of gauge fields with spin one, some obtain properties of fields with spin 2, while some other achieve properties of other spins. Nevertheless, at the beginning, no gauge fields and fermions were present [15] . Then, the M0-branes were joined and constructed a system of M1 and anti-M1-branes connected by a wormhole, a system named BIon [16] [17] [18] [19] . As a next step, the M0-branes glued to each other symmetrically, with the upper and lower parts of M1-brane being the same, and hence gauge fields were produced. Moreover, by linking M0-branes anti-symmetrically, fermions were created [15, 18] . Finally, these M1-BIons were connected and formed M3-BIons, which were a configuration of an M3, an anti-M3-brane connected by a wormhole [16] [17] [18] . In this context/picture our Universe would be located on one of these M3-branes and its evolution is determined by interaction of branes in extra dimensions [14] [15] [16] [17] [18] [19] .
Furthermore, there are works in the literature in which dark matter and cosmologi-cal acceleration are produced by braneworld scenarios. In particular, in [20] the authors showed that in the context of brane-world models with low tension τ = f 4 , massive brane fluctuations are natural dark matter candidates, while the present abundances for both hot(warm) and cold branons were obtained in terms of the branon mass M and the tension scale f . These results were in agreement with the recent experimental bounds on these parameters. Additionally, in a different braneworld model the main phenomenology associated with disformal scalars coupled to the Standard Model fields were considered, and it was argued that these fields can serve as natural dark matter candidates since they are massive and weakly coupled [21] . Finally, in [22] the possible detection of branon dark matter in experimental data was discussed. For reviews on braneworld models which produce cosmological acceleration see [23] [24] [25] . A similar model can be constructed for condensed matter systems. In this paper, we propose an approach leading to modified gravity [26, 27] due to defects in graphene, and we calculate the current density of free electrons in terms of the curvature of the system. Each atom in graphene has three bound electrons, which are paired with the electrons of other atoms, and one free electron whose motion leads to the emergence of conductivity. Without free electrons, there is a high symmetry in this system, and graphene behaves similarly to M0-brane, where paired electrons behave like scalar fields. However, by the motion of free electrons, the system symmetry is broken and two gauge fields are created. These gauge fields play the role of gravitons and produce the gravity between anti-parallel spins and anti-gravity between parallel spins. For a graphene without defects, the curvature produced by non-identical spins is neutralized by the curvature of identical fermions, and the total curvature of the system becomes zero. This curvature (R) is related to the energymomentum tensor (
Rg µ nu ) and thus the imposed momentum to the electron is zero. Along this context, the meaning of anti-gravity becomes more transparent. In particular, when the curvature is zero the energy momentum tensor is zero (R ≈ T ν µ = 0) and consequently its components such as energy density and momentums are zero. Since force is related to momentum changes we deduce that the applied force to particles is zero. This implies that free electrons do not move in a certain path, and their current density becomes zero and thus conductivity disappears. On the other hand, the existence of suitable types of defects leads anti-parallel spins to come closer mutually, and therefore their curvature increases. In this context, modified gravity emerges and applies momentum to free electrons. Consequently, free electrons move in a special path, the current density increases and conductivity grows. Similarly, other types of defects make parallel spins to approach each other, thus increasing the curvature leading to the emergence of (modified) anti-gravity. Contrary to the fact that gravity produces attractive force, anti-gravity creates a repulsive force between bodies, objects and particles. In anti-gravity case, momentum is applied to free electrons in opposite directions, and hence the sign of current density reverses. When the curvature is negative, it's related effective energy-momentum tensor is negative and consequently, the applied force becomes negative. Consequently, particles move mutually away.
The outline of the paper is the following. In Section 2 we obtain the current density in terms of inequality between curvatures of parallel and anti-parallel spins. In Section 3 we show that this density is zero for standard graphene, positive for pentagonal defects and negative for heptagonal defects. In Section 4 we obtain the current density in graphene wormholes. Finally, Section 5 is devoted to discussion and conclusions.
The current density in graphene
Let us introduce the concepts of Mp-branes in order to extract the current density of free electrons in terms of inequality between curvatures of parallel spins and anti-parallel spins. In order to achieve this result, we apply the method used in [14, 15, 18] for calculating the energy in terms of curvature, and we write the explicit form of curvatures in terms of couplings of parallel and anti-parallel spins.
Let us begin by considering the scalar fields X M = X M α T α , where the generators T α of the Lie 3-algebra satisfy the 3-dimensional Nambu-Poisson brackets [28] [29] [30] [31] [32] [33] [34] 
with f αβγ η the structure constants. Let us also consider a 2-form gauge field A ab . In this case, the full action in M-theory reads [14, 15, 18] :
In the above expressions
is the pull-back of scalars, and ST r stands for the symmetric trace of products. In graphene, the scalar fields denote the pairs which are produced by pairing anti-parallel electrons. Similarly, λ = 2πl 2 s where, in M-theory, l s is the string length, which, in graphene, is just the separation distance between atoms. Additionally, β n are constants, related to different atoms in graphene. Concerning the index notation, note that, in graphene, a, b denote indices of pairs on each atom, while i, j refer to indices of free pairs corresponding to free electrons. Finally, U denotes the number of atoms and p is the number of pairs in each atom.
Applying action (2.2) to graphene, we assume that the scalar fields X i play the role of pairs of anti-parallel electrons and the 2-form gauge tensor fields A ab play the role of gravitons which are exchanged between electrons. This assumption is justified since, in graphene, the three electrons of each atom are paired with three electrons of another atom by exchanging 2-form gauge fields forming spinless pairs which can be treated as scalars. Moreover, free electrons are represented by ψ, while electrons in each pair are denoted by Ψ. Hence, with these positions, we can define [18] :
Using these definitions we can make the splitting [18] :
6) where the subscript "Free-Free" indicates the mutual interaction of two free electrons, "Free-Bound" denotes the mutual interaction of free and bound electrons, and "BoundBound" denotes the mutual interaction of two bound electrons. Thus, using the definitions (2.5), we can calculate the different terms of (2.3) in terms of couplings of parallel and anti-parallel spins [18] . The corresponding expressions are shown in Appendix A.
In summary, from the above analysis, by breaking pairs into electrons, standard Dirac equations are obtained, and hence, the relation between gauge fields and their sources, i.e. fermions, becomes clear. These results are very similar to those in M-theory [14, 15, 18] . Furthermore, one can use these expressions to show that, by joining electrons and forming a pair, 2-form gauge fields are created: these gauge fields play the role of graviton tensor modes between two electrons (Ψ †a,U F abc , F i ′ bc ψ L i ′ ). Specifically, one can obtain the couplings between electrons in terms of curvature of graphene. As it was shown in [14, 15, 18, 35, 36] , the metric can be antisymmetric, since, for instance, M1-branes are linked to anti-M1-branes and form a new system [14, 15, 18] . Thus, for this system the metric can be constructed from metrics of two M1's as:
and therefore it can be antisymmetric. On the other hand, the graviton tensor mode has a direct relation with the metric and it can be anti-symmetric.
The same conditions can be realized in the graphene. In particular, the metric in a graphene can be constructed from the metric of pairs, such as for two electrons of a pair:
Since this metric can be antisymmetric, the tensor mode of the graviton may be antisymmetric. Hence, the 2-form gauge fields have a direct relation with the graviton, and also with the metric of pairs in the graphene.
Using the aforementioned method in a graphene structure, we can obtain the relation between fermions and curvatures [14, 15, 18] :
where h ab is the metric which is seen by the electron, X σ is the scalar which is created by pairing two anti-parallel electrons, and R ρ σµν is the Riemann tensor. Additionally, we obtain
and In summary, from the above expressions, we deduce that there are two types of effective gravity: one related to parallel spins and one related to anti-parallel spins. Moreover, we have three types of curvatures: A first type of curvature is created by mutual coupling of free electrons. A second type of curvature is produced by coupling of free electrons to bound electrons. Lastly, a third type of curvature is produced by mutual coupling of bound electrons. Note that the curvature between anti-symmetric fermions is positive, while the curvature between parallel spins is negative. In fact, the gravity between antiparallel spins, namely Ψ †a,U R anti−parallel aa ′ Ψ a ′ ,L , creates an attracting force, while the antigravity between parallel spins, i.e. -Ψ †a,U R parallel aa ′ Ψ a ′ ,U , produces a repelling force. This is explained since curvature has a direct relation with energy-momentum tensor, namely
Since one of the components of this tensor is the momentum, i.e. T aa ′ ∝ P , by changing the curvature of the system, the momentum changes and attractive or repulsive force emerge. Schematically we have:
From the above analysis, we deduce that positive curvature between anti-parallel spins leads to an attractive force between them, while negative curvature between parallel spins causes a mutual repulsive force. These forces produce the current density in the system, which we are interested in calculating. Let us start by considering the interaction between electrons of one atom with those of neighbor atoms, and then we generalize it to the total system. Substituting expressions (2.12) and (B.1) in Eq. (2.3), for one atom of graphene (n=1), after some algebra, we extract the energy as:
where
is the graviton mass square. Note that, for the sake of simplicity, we have chosen
where l 1 is the coupling between two anti-parallel spins and l 2 the coupling between parallel spins. Under these considerations, we can calculate the curvatures as
Thus, using these useful relations, together with (2.15) and the chain rule, we obtain
Finally, we get the current density as:
From this expression, it is easy to see that the current density in graphene depends on the curvature produced by parallel and anti-parallel spins. For a symmetric graphene, curvatures of parallel spins are canceled by curvatures of anti-parallel spins, and therefore the current density of the system decreases. Hence, by increasing the symmetry conductivity decreases. Finally, in order to calculate the total current density in graphene, we should sum over currents in each atom, namely
where J bn an = Jδ bn an . This expression indicates that the total current density in graphene depends on the curvatures of parallel spins and anti-parallel spins in each atom. If the current density in one atom is zero, electrons stop at that point and the total current density of the system becomes zero. This fact leads to the disappearance of conductivity. Thus, by breaking the symmetry in graphene, curvatures are created. This phenomenon leads to the production of current density and hence of conductivity in the system.
The current density in graphene in presence of various defects
In this section, we investigate the model in the specific case of standard graphene, and, additionally, considering heptagonal and pentagonal defects. In particular, using the definitions for couplings of parallel spins (l 2 ) and for couplings of anti-parallel spins (l 1 ), and substituting expressions (2.12) and (B.1) into expression (2.3), we obtain the following action for one atom in the graphene:
with V is the atom volume, and where we have assumed that the couplings depend only on θ, i.e. the angle between two electrons in one graphene atom with respect to the centre of the atom, with ′ denoting derivative with respect to cos θ. The variation of the action (3.1) provides the equations of motion as:
One can easily find the approximate solution of these equations as: 
Graphene without defects (hexagonal)
Let us first study the simple case of hexagonal graphene. It has been shown that, in the graphene, the difference between angles of couplings of parallel spins and anti-parallel spins is around π 3 [37] [38] [39] , a result that is in agreement with the symmetries of the graphene. In each hexagonal graphene molecule, the electrons of each atom should be anti-parallel with respect to the electrons of neighbor atoms, and therefore the angle between them with respect to the molecule center is and m 2 g λ 2 = √ 3, we get 6) which is exactly this realization.
In order to calculate the action of conductivity in the graphene, we should first obtain the values of the curvature tensor at the places of the atoms. Each carbon has three bound electrons and one free electron, where the bound states are located along three axes that form an angle of 2π/3. The angle between two electron spins has a direct relation to the radius of the hexagonal molecule (R) and the separation distance between two electrons (L) (θ = L R in radians). Thus, if we calculate the curvature in terms of the angle, we can obtain the explicit form of it in terms of the other parameters of the graphene. We assume that one axis lies along X (see Fig. 1 ), and additionally we consider that the couplings for free and bound electrons are the same. Thus, we obtain the couplings of parallel and anti-parallel spins in terms of their angle with respect to the X-axis, namely
and
Substituting these values into expressions (2.6) and (2.12), we can calculate the curvatures 
and then inserting into (2.20) for the current density we obtain
Hence, we conclude that for the standard graphene without defects, the current density is zero and thus the electrons do not collectively move in any specific direction. Consequently, electron moves randomly and superconductivity disappears.
Graphene with heptagonal defects
Let us now investigate the case of graphene with heptagonal defects. Similar to hexagonal case, we assume one axis along X (see Fig. 2 ), and we consider that the couplings for free and bound electrons are the same. We calculate the couplings of parallel and anti-parallel spins in terms of their angles with respect to the X-axis as: Substituting these values into (2.6) and (2.12), we can calculate the curvatures for parallel 
Note that the positive sign for anti-parallel spins implies that the electrons are attracted by electrons of neighbor molecules and that the coupling of anti-parallel spins is along the X-axis, while the negative sign for parallel spins means that electrons are repelled by parallel spins in neighbor molecules and that the coupling of parallel spins is along the negative X-axis. Substituting the values (3.13) into the current density (2.20), we obtain J ≈ 0.458. (3.14)
Since the current density is positive, we deduce that electrons are repelled by neighbor molecules and move along the X-axis (the curvature produced by parallel spins is larger than the curvature produced by anti-parallel spins and therefore a negative force is applied to electrons and they move in opposite directions with respect to the molecule). This result is also in agreement with previous predictions that the curvature of heptagonal defect is negative [13, [37] [38] [39] .
Graphene with pentagonal defects
Finally, let us investigate the case of pentagonal defects. Similarly to the previous cases, we consider one axis along X (see Fig. 3 ), and we assume that the couplings for free and bound electrons are the same. We calculate the couplings of parallel and anti-parallel spins in terms of their angles with respect to the X-axis as:
≈ cos(126) = −0.587, l 
Substituting these values into the current density (2.20) we obtain
The negative value of the current density implies that the electrons are absorbed by pentagonal defects and move along the negative X-axis, i.e this type of defects induces a force to the free electrons and leads them to move towards the molecule. Hence, increasing the number of defects, the current density increases and the graphene tends to be a superconductor. In Fig. 4 , we depict the dependence of the current density on different number of pentagonal defects. In summary, in this section we found that heptagonal defects repel electrons while pentagonal defects absorb electrons. This is a consequence of the fact that in heptagonal defects the curvature of parallel spins is larger than the curvature produced by anti-parallel spins, while, in pentagonal defects, the curvature produced by parallel spins is smaller than the curvature produced by anti-parallel spins. These results are in agreement with previous analyses for defects in the graphene [13, [37] [38] [39] ].
The current density in a graphene wormhole
Let us consider the formalism and methods of the previous section in the case of a graphene wormhole. Such an object is created when the structure of the plain graphene is disrupted by the presence of heptagonal defects [37] [38] [39] . In the following, without loss of generality, we take into account the case of 12 defects, and in Fig. 5 , we give a picture of such a graphene wormhole. The graphene wormhole consists of the upper and lower graphene sheets, each one connected to a wormhole bridge which is connected to the common connecting nanotube, as can be seen in Fig. 6 .
Let us now calculate the current density for this case. According to the results of the previous section, the current density should be zero in both graphene sheets and positive (J ≈ 0.458) in the case of a heptagonal defect. Additionally, we expect that, in the place of the wormhole bridges where 6 defects appear (and hence 12 in total, if we consider both sides of the connecting nanotube), the overall current density should be proportional to the current density for 1 defect, namely J ≈ 6 · 0.458 = 2.748.
(4.1)
The crucial question from the experimental point of view is what value of the current density would be measured in the region around the middle of the connecting nanotube. One would Figure 6 . A schematic split of a graphene wormhole with 12 heptagonal defects.
expect that exactly at the middle, the current densities coming from opposite directions eliminate each other, and thus the overall current density is zero. On the other hand, at small distances away from the middle, the geometry of the structure differs significantly from the geometry in the wormhole bridge, and, therefore, one should expect a change of the current density. Hence, we can apply the procedure of the previous section in order to explicitly calculate the exact value. In order to perform the calculation, we need the appropriate value of the angle θ 1 , substitute it into the expressions (3.7),(3.8) for the couplings l 1 ,l 2 , and calculate the curvatures of the parallel and anti-parallel spins using (2.6) and (2.12). Finally, the current density is calculated using (2.20) .
The value of θ 1 depends on the distance from the defects: at shorter distances the character of the physical quantities is either the same as in the case of a simple defect, or it is the superposition of n defects, respectively. At larger distances from the place of n heptagonal defects, the geometry is approaching the case of the structure with 1 defect consisting of 6 + n vortices, as can be seen from Fig. 7 . Hence, we deduce that at large distances from the wormhole bridges, the value of the current density corresponds to the case of a dodecagon (12 = 6 + n, where n = 6 for each of the two parts of the wormhole structure). In this case, the value of θ 1 corresponds to Fig. 7b , namely θ 1 = 105. Thus, (3.7),(3.8) lead to ≈ cos(315) = 0.707, Figure 7 . The geometric structure at small and large distance from the defects.
Substituting these values into expressions (2.6) and (2.12), we can calculate the curvatures for parallel and anti-parallel spins as Hence, we deduce that in the graphene wormhole, the current density is zero in the upper and lower graphene sheet, then it rises up to value 2.748 in the wormhole bridges, and in the connecting nanotube it decreases to the value 1.960. In the centre of the connecting nanotube, the current density is exactly zero due to the mutual elimination.
Let us close this section by mentioning that the number of defects in the graphene wormhole can differ from 2 to 12 defects, i.e. from 1 to 6 defects at each side. Therefore, the upper and lower sheets will not have the geometry of the plain graphene, and the corresponding current density will change, as well as the current density close to the middle of the connecting nanotube. In Fig. 8 we depict the dependence of the current density close to the middle of the connecting nanotube, on the number of defects.
Summary and Discussion
In this work we have studied, in the context of graphene structure, the exchange of gauge fields between electrons, which can be considered as a sort of effective gravitons. Such exchange leads to the emergence of conductivity. In this way, three types of curvature are produced, one between free electrons, one between bound electrons, and one between free and bound electrons. These fields create a sort of an effective gravity with positive curvature between parallel spins, and anti-gravity with negative curvature between parallel spins. The current density of free electrons has been obtained in terms of inequality between curvatures of parallel spins and those between anti-parallel spin In particular, in Sec. 2, we obtained the current density in terms of curvature of parallel spins and anti-parallel spins and in Sec. 3 and 4, by substituting the relations between curvatures and parameters of graphene molecule, we have calculated the current density in terms of the angle between atoms with respect to the center of graphene molecule. In fact, in Sec. 2, using the concepts in M-theory, we introduced an action for conductivity in a graphene system in terms of gauge fields and fermions. Then, we obtained the relation between gauge fields and curvature of parallel spins and anti-parallel spins. Also, it has been shown that the curvature which is produced between parallel spins has an opposite sign with respect to the curvature which is generated between anti-parallel spins. These curvatures have a direct relation with the effective energy-momentum tensors. Also, changes in momentums have a direct relation with the applied force between spinors. Consequently, the force between parallel spin has an opposite sign with respect to the force between antiparallel spins as it is possible to observe in laboratory experiments. Using the relations between gauge fields, spinors and curvature, it is possible to obtain the energy of system in terms of difference between curvatures of parallel spins and anti-parallel spins. Besides, using this energy, the current density in terms of curvatures has been derived.
These results can be applied to realistic graphene structures and a relation between curvatures and graphene parameters, like the angles between atoms with respect to the molecular center, can be obtained. Using these relations, the current density, in terms of such angles, can be calculated. We have shown that, for the standard graphene with hexagonal molecules, the current density is zero and thus the electrons do not collectively move in any given direction. Consequently, electrons move randomly and superconductivity disappears. For graphene with heptagonal defects, since the current density is positive, it is possible to deduce that electrons are repelled by neighbor molecules and move outward from molecules (the curvature produced by parallel spins is larger than the curvature produced by anti-parallel spins and therefore a negative force is applied to electrons. As consequence, they move in opposite directions with respect to the molecule). This result is also in agreement with previous predictions that the curvature of heptagonal defect is negative [13, [37] [38] [39] . For graphene with pentagonal defects, the negative value of the current density implies that the electrons are absorbed by pentagonal defects and move towards molecules, i.e this type of defects induces a force to the free electrons and leads them to move towards the molecules. Hence, increasing the number of defects, the current density increases and the graphene tends to be a superconductor.
In Sec. 4, we deduced that, in the graphene wormhole, the current density is zero in the upper and lower graphene sheet, then it rises up to positive value in the wormhole bridges. On the other hand, in the connecting nanotube, it decreases to the lower values. In the centre of the connecting nanotube, the current density is exactly zero due to the mutual elimination.
In standard graphene, due to its symmetry, the curvature of anti-parallel spins is canceled by the curvature of parallel spins, and hence the total current density of free electrons becomes zero. Thus, the free electrons do not move in any special direction and therefore conductivity disappears. On the other hand, for some particular types of defects in the graphene, anti-parallel spins come closer mutually, their curvature increases, and a sort of modified gravity emerges. Consequently, the current density grows and conductivity increases. Similarly, for some other types of defects, parallel spins approach each other, their negative curvature increases and (modified) anti-gravity appears. In this case, the sign of current density reverses, the electrons move in opposite direction, and a new conductivity appears along this new direction.
In the case of more complicated structures, such as graphene wormholes, the current density in the different regions of the molecular surface has different values. Moreover, the curvature induced by the defects cannot be clearly determined from the type of the defects and it is given by the chemical structure of the whole molecule. As a result, the current density arising from these defects depends on the distance from them. We derived the current density for the graphene wormhole which includes 12 heptagonal defects, and we have found an approximation for the cases where the number of defects changes. The current density on the curved wormhole sheets in such modified structures remains an open question.
Furthermore, it is possible to show that each defect produces a given form of extended gravity. In particular, as reported in Appendix C, no defect, heptagonal defects and pentagonal defects give rise to different forms of f (R) gravity.
In general, the type of defects can be determined by the chemical structure of the whole molecule. This means that each defect produces a different type of gravity and current density. For example, pentagonal molecules absorb electrons, while heptagonal molecules repel them. By inserting defects in graphene suitable places, electrons are repelled by some molecules and absorbed by other ones and move in an given direction. This helps us to design a graphene which conducts electrons in an given direction. In fact, for producing a good superconductor, it is needed to insert heptagonal and pentagonal molecules in suitable places between hexagonal graphene molecules. On the other hand, this means that the gravitational anologue picture can discriminate among the various graphene structures.
As final remark, it is worth noticing that, from an experimental point of view, these graphene defects structures could be probed using currents facilities and experimental apparatuses working in several laboratories [40, 41] considering that the presence of the absence of precise current densities are the final test beds for the models. On the other hand, analogue models of gravity [42] could be realized by graphene considering the 2-form tensor fields discussed above. In a forthcoming paper, we will discuss in details possible experimental realizations of these structures.
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The A The action components (2.3) in terms of couplings of parallel and anti-parallel spins
In this Appendix we use the definitions (2.5) in order to calculate the different terms of (2.3) in terms of couplings of parallel and anti-parallel spins [18] . In particular, we obtain:
Additionally, since (ψ U a ) 2 = 0 and (ψ L a ) 2 = 0, we get
In the above expressions a, b, c are indices of bound electrons, while i, j, k are indices of free electrons, and U, L refers to upper and lower spins. Additionally, we have used the Pauli matrices definition as:
is expressed in terms of curvatures as: 
C Defects and f (R) gravity
We can show that each defect produces a particular form of extended gravity. For example, in a graphene without defect where curvature is generated by parallel spins and neutralized by curvatures of anti-parallel spins, we have the following form of f (R) function: where N is the number of atoms in graphene. For a graphene structure with heptagonal defects where (i.e. the curvature produced by parallel spins is larger than the curvature produced by anti-parallel spins), some extra terms will be added and the form of f (R) gravity is: where N is the number of heptagonal molecules. For a graphene structure with pentagonal defects (i.e. the curvature produced by antiparallel spins is larger than the curvature produced by parallel spins), the sign of m 2 g λ 2 changes: Here, N is the number of pentagonal molecules. Thus, the gravity which is produced by hexagonal molecules is very different from gravity produced by pentagonal or heptagonal molecules. The sign of parameter m 2 g λ 2 plays a special role in this modelling.
